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Goals of this presentation

I Succinctly present transformers (as recognizers)

I Tie them to two notions of computability:
I Transformers are Turing-complete when allowed to “think” for an

unbounded number of steps
I Transformers are in small circuit-complexity classes as classifiers

I In the latter case, tie transformers to temporal logics…
I …and a derive depth-hierarchy result for them: the deeper the

transformer, the more it can express
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Outline

Transformers

What can transformers compute, if we give them time to think?

What can transformers compute in one evaluation?

Conclusion
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Transformers

I Transformers compute functions T : Σ∗ → R using a bunch of (mostly)
linear transformations

I Transformers have multiple layers, each of them accessing the previous
layers (“attention” mechanism)

Input token sequence

Input Embeddings

Self-Attention

Feed-Forward Network

Additional Decoder Layers

Output Function

o : Rd → R
· · · other layers · · ·
lay(1)(i) = ffnn(1)(pre-lay(1)(i)) ∈ Rd

pre-lay(1)(i) =
∑

j≤i exp(att(1)(i,j))v (1)(j)∑
j≤i exp(att(1)(i,j)) ∈ Rd

v (1)(i) = V (1) · lay(0)(i) ∈ Rd

att(1)(i , j) = q(1)(i) · k(1)(j) ∈ R
k(1)(i) = K (1)lay(0)(i) ∈ Rdhid

q(1)(i) = Q(1)lay(0)(i) ∈ Rdhid

lay(0)(i) = E(wi) ∈ Rd

E : Σ → Rd
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Attention layer
For each pos i, com-
pute score against j,
weigh by a value,
then take avg (soft-
max)
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Attention layer
For each pos i, com-
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Transformer
I Input encoding
I Attention

layers/FFNN
alternate
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Attention layer
For each pos i, com-
pute score against j,
weigh by a value,
then take avg (soft-
max)

Transformer
I Input encoding
I Attention

layers/FFNN
alternate

Transformers as Recognizers

I Transformers compute functions T : Σ∗ → R using a bunch of (mostly)
linear transformations

I Transformers have multiple layers, each of them accessing the previous
layers (“attention” mechanism)

I Language-theoretic objects:
I Chain of thought language: let T “generate” tokens, until it generates

“accept/reject”

I Transformer language: {w ∈ Σ∗ | T (w) > 0}
I What is the complexity of these languages?
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Outline

Transformers

What can transformers compute, if we give them time to think?

What can transformers compute in one evaluation?

Conclusion
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Chain of thought languages

Theorem (Pérez et al. 2019)
“Transformers are Turing-complete”

Idea.
Let M be a TM; a transformer with chain-of-thought can simulate it:
I Based on first character of input, output first transition of M
I After that, at each generation step, count number of left/right moves

using attention
I Track what is cell content at that position
I Generate the next transition of the Turing machine

I Crucially relies on chain-of-thought!
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Transformer languages

Theorem (Merrill and Sabharwal, 2023)
Any transformer language is implementable as a threshold circuit family

Idea.
I This requires bounding precision (but not to a constant)
I All the operations used in “executing” a transformer are implementable

by threshold circuits:
I Addition, multiplication, division, max (for FFNN), exp, iterated addition
I On floating point numbers (precision ∼ log of input length)

I Circuit depth correlates with transformer layer-depth

I Threshold circuits are in LogSpace, which is in PolyTime
I What about a converse? Or something exact?
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Transformer languages
Preliminary 2: Temporal logic with counting

By examples with w ∈ {a, b}∗:
I w |= a The last letter of w is a
I w |= (

↼
#[a] =

↼
#[b]) As many a’s as b’s

I w |=

↼
#[

↼
#[true] = 1 ∧ a

] = 1

First letter is a
I w |=

↼
#[

↼
#[a] <

↼
#[b]] = 0 No prefix has more b’s than a’s

I Language of φ: {w | w |= φ}

I TL[
↼
#]: temporal logic with

↼
#

I TL[
↼
#] cannot express (a + b)∗aa(a + b)∗ (Behle & Krebs 2008)

Proposition (Behle & Krebs 2008)
TL[

↼
#] languages are all implementable as threshold circuits of linear size
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An exact characterization
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I Rounding/precision is done in a slightly different way
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I Lk : all of words over {a, b} that alternate k times between a’s and b’s

Theorem (Yang, Cadilhac, Chiang 2025)
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#] but not in depth-(k − 1) TL[
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Idea.
I Depth-1 TL[

↼
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I A reduction lemma: if Lm is in depth n, then Lm−1 is in depth n − 1

Corollary
Tranformers of depth k can express Lk but not Lk+1
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Corollary
Tranformers of depth k can express Lk but not Lk+1
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Accuracy on [101, 150]
depth →

1 2 3 4 5 6 7 8 9 10
𝐿3 100 100 100 100 100 100 100 100 100 100
𝐿4 44 100 100 100 100 100 100 100 100 100
𝐿5 42 67 100 100 100 100 100 100 100 100
𝐿6 36 46 61 100 100 100 100 100 100 100
𝐿7 36 52 55 65 100 100 100 100 100 100
𝐿8 30 37 42 42 65 100 100 100 100 100
𝐿9 8 35 40 46 43 38 87 75 100 80
𝐿10 5 8 25 33 25 27 44 30 44 47
𝐿11 5 10 12 17 16 17 24 18 24 17
𝐿12 0 0 0 9 13 0 4 4 19 16

Accuracy on [151, 200]
depth →

1 2 3 4 5 6 7 8 9 10
𝐿3 100 100 100 100 100 100 100 100 100 100
𝐿4 37 100 100 100 100 100 100 100 100 100
𝐿5 30 60 100 100 100 100 100 100 100 100
𝐿6 19 30 54 98 98 98 98 99 98 100
𝐿7 26 34 35 48 100 99 99 98 98 99
𝐿8 17 16 18 16 40 99 100 99 99 100
𝐿9 3 14 11 18 19 32 80 63 99 69
𝐿10 2 6 5 9 7 5 13 8 21 30
𝐿11 2 3 3 4 4 3 4 3 5 3
𝐿12 0 0 0 3 6 0 2 2 11 6

Accuracy on [201, 250]
depth →

1 2 3 4 5 6 7 8 9 10
𝐿3 99 100 100 100 100 100 100 100 100 100
𝐿4 26 99 99 100 100 100 100 100 100 100
𝐿5 24 50 99 99 98 100 100 100 100 100
𝐿6 8 15 38 93 89 92 90 94 91 96
𝐿7 18 20 19 31 96 93 96 89 92 95
𝐿8 10 7 8 7 23 97 98 96 97 98
𝐿9 1 7 3 7 9 26 75 60 98 62
𝐿10 0 7 1 2 1 1 3 2 7 22
𝐿11 0 0 1 1 1 0 1 0 1 0
𝐿12 0 0 0 0 0 0 0 0 1 1

Accuracy on [251, 300]
depth →

1 2 3 4 5 6 7 8 9 10
𝐿3 99 100 100 100 100 100 100 100 100 100
𝐿4 20 96 96 99 100 100 100 100 100 99
𝐿5 19 41 97 96 91 99 99 99 100 100
𝐿6 5 8 27 84 77 83 78 85 80 90
𝐿7 13 13 12 23 87 84 89 72 82 88
𝐿8 5 2 2 2 13 91 94 91 89 94
𝐿9 1 4 1 3 5 25 71 58 95 57
𝐿10 0 4 0 0 0 5 1 0 3 20
𝐿11 0 0 0 0 0 0 0 0 0 0
𝐿12 0 0 0 0 0 0 0 0 0 0

Figure 4: Experimental results. Corollary 5.2 predicts that a transformer with depth 𝑘 can recognize
language 𝐿𝑘+2 but not 𝐿𝑘+3 (demarcated by the black line). Up to 𝐿9, this closely predicts our
experimental results (shown as numbers and colors).

5.1 Problem

For practical reasons, our experimental setup differs slightly from the framework presented above, but
is still compatible with the theory. For the language recognition problem considered above, training a
transformer would require data containing both positive and negative examples, with the distribution
of negative examples potentially having an important impact on learnability. Following Bhattamishra
et al. (2020) and Huang et al. (2025), we reframe 𝐿𝑘 as a next-token prediction problem: For each
prefix of a string, output the set of possible next symbols of the string.

Our data consist of source–target pairs, where the source is a string in 𝐿𝑘 , preceded by a beginning-
of-string symbol <BOS>, and the target is a string of the same length. Each target symbol is a code
standing for the set of possible next source symbols. If 𝑘 is odd, for example, 𝐿3 = 𝑎+𝑏+𝑎+, then
after <BOS>, there is only one possible set, {𝑎} (coded as 0), and after subsequent symbols, there are
two possible sets, {𝑎, 𝑏} (coded as 0) if the string is in 𝑎+𝑏∗, and {𝑎, <EOS>} (coded as 1) if the string
is in 𝑎+𝑏+𝑎+ (where <EOS> stands for the end of the string). An example source–target pair is:

𝑆 = <BOS> 𝑎 𝑎 𝑎 𝑏 𝑏 𝑏 𝑏 𝑎 𝑎 𝑎 𝑎 𝑎

𝑇 = 0 0 0 0 0 0 0 0 1 1 1 1 1

If 𝑘 is even, the possible sets would be {𝑎} (coded as 0) after <BOS>, and {𝑎, 𝑏} (coded as 0) and
{<EOS>, 𝑏} (coded as 1) subsequently. It turns out that for 𝐿𝑘 , the output for a prefix <BOS> · 𝑤 [1 : 𝑖]
should be 1 if and only if 𝑤 [1 : 𝑖] ∈ 𝐿𝑘 .

We can define the next-token prediction problem for TL[↼# ] in the same way, but without <BOS>:

Definition 5.1 (Next-Token Prediction Problem for 𝐿𝑘). We say a TL[↼# ] formula 𝜙 can solve the
next-token prediction problem for 𝐿𝑘 if for all 𝑤 ∈ 𝐿𝑘 and 1 ≤ 𝑖 ≤ |𝑤 |, we have 𝑤 [1 : 𝑖] |= 𝜙 ⇐⇒
𝑤 [1 : 𝑖] ∈ 𝐿𝑘 . That is, 𝑤 [1 : 𝑖] |= 𝜙 if the prediction is 1, while 𝑤 [1 : 𝑖] ̸|= 𝜙 if the prediction is 0.
Note that, unlike in recognition, we only consider prefixes of strings that are in 𝐿𝑘 .
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